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ABSTRACT. This short manuscript is made for the mini-course in the RIMS workshop [3E=
YR VEREOY 2 LT 4 A —ERHROPEH RN & XY FLHEER) held in RIMS, Kyoto
University, on September 3,4 and 5, 2025.

When a semiclassical differential operator is matrix-valued, at least two interesting prob-
lems arise. First, the eigenvalues of the principal symbol (assumed Hermitian) may have sin-
gularities as functions in the phase space at crossing points where their multiplicity changes.
Second, even if the the principal symbol is regularly diagonalized, the so-called non-adiabatic
transition occurs as was first suggested by Landau and Zener for a simple model. This model
implies that if two classical trajectories cross transversally at a point, the transition proba-
bility from one to the other is of order nt/ 2 where h is the semiclassical parameter.

In this mini-course, we focus on this seconde problem, and study a model of a 1D 2 x 2
matrix Schrodinger operator (1.1), where the principal part is diagonal with two Schrodinger
operators. The goal is to understand that the transition, which we express by the off-diagonal

1
entries of the microlocal scattering matriz, is of order h™+1 when the contact order of the
crossing is m. We apply this microlocal result to the semiclassical asymptotic distribution
of eigenvalues and resonances.
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2 SETSURO FUJIIE
1. INTRODUCTION AND SURVEY

In this minicourse, we mainly consider the matrix Schrodinger operator in dimension 1:

(P AW
(1.1) ‘@—<hw P2>,

where each P; (j = 1,2) is a scalar Schrodinger operator

P, = _h2d72 V.
J = dx2 + J(x)’

with a real-valued smooth potential Vj(x), and W is a multiplication operator by a real-valued
smooth function W (x). The constant h is regarded as a positive small parameter (semiclassical
parameter). Such a matrix-valued operator & appears in the quantum chemistry as the Born-
Oppenheimer approximation (see [24]), where the semiclassical parameter corresponds to the
square root of the ratio of the mass of the nuclear and the electron.

Let pj(z,£) be the classical Hamiltonian corresponding to the Schrédinger operator Pj;

pj(x,8) = & + Vj(),
and Hp, the Hamiltotnian vector field;

00 O 0 5.0 ey O
W e ae T or v Fas Vi Wae

The value p;(z, &) is invariant along the integral curve exp tHy, (z0,&p) (energy conservation).

1.1. Basic facts for the scalar Schrodinger operators. Let us review some basic facts
for the scalar Schrodinger operator P = —hz% + V(x). We denote p(z,&) = €2 + V(x).
We consider the following conditions on the potential V(x) and the energy level Ey € R near
which we study the eigenvalues and resonances.

Condition 1. The function V(z) is real-valued on R and analytic in an angular complex
neighborhood of R

& = {z € C;|Imz| < (tanbp)(1 + |Rez|)}
for some positive constant 6y < 7/2. Moreover, V (z) have limits different from Ey as Rex —
400 in this domain;

(1.2) V(z) - VE#Ey as Rex — 400 in 7.
Condition 2. There exists ¢y € R such that
— F
im >0 VrelR
T — ¢

Condition 3. There exist ag < by such that
V(z) — Ep

(z —ao)(z — bo)

Under the condition 24, the energy surface (or characteristic set)

I(E) = {(z,&);p(x, &) = E}
is an unbounded curve for E close enough to Ey. The classical trajectory for p starting from
a point in I'(E) goes to infinity as ¢ tends to plus and minus infinity under the condition 1.

>0 VzekR.
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The spectrum of the scalar operator P is continuous near Eg. Moreover, it is known that
there is no resonance in a small complex neighborhood of Ej.

Fact 1. ([30]) Suppose that Ey € R is a non-trapping energy, i.e.
| exp tHp(x0,&0)| = 00 as t = xoo for any (xo,&) € I'(E) = p L(E).

Then there is no resonance in any complex neighborhood of size O(h|loghl) of Ey.

Under the condition 3, on the other hand, I'(E) is a simple closed curve for E close enough
to Ep. The classical trajectory for p starting from a point in I'(E) is periodic along I'(E).
The spectrum of P near Ej consists of (simple) eigenvalues. Let A(E) be the action of the
classical Hamiltonian p(z, &) defined as line integral of the one form {dz along this curve:

A(E) := /F(E) &du,

which is the volume of the domain bounded by the closed curve I'( E). It is a smooth function
of E with A'(E) > 0, and the derivative A'(E) is the period of the classical trajectory on
I'(E).

Fact 2. In the semiclassical limit h — +0, they are approximated by E’s satisfying the so-
called Bohr-Sommerfeld quantization rule (see [21], [32], [35]):

(1.3) —eMAE) R — 1,

The condition (1.3) can be rewritten as
A(E) = (2k+ 1)mh, ke€Z,
and hence the eigenvalues near Ey is a sequence with interval ~ 2wh/A’(Ep).

1.2. Three models of matrix Schrédinger operators. Now we come back to the matrix-
valued operator & defined by (1.1).

Let I'j(E) be the characteristic set of each P;;
(1.4) Dj(E) = {(,€) € R%p;(x,€) = B} = p; ' (E).

We are interested in the case I'1 (E) NT'o(E) # (. We call crossing points the elements of
['1(E) NTy(E). If (z,€) is a crossing point, then V;(x) = Va(z) =: V. and €2 = E — V,, and
hence V., < E, namely the crossing value is below or at the energy level.

Here we always assume

Assumption 1. The potentials Vi(x) and Vo(x) satisfy the condition 1, and W (x) is a real-
valued smooth function on R extended to a bounded analytic function in ..

Assumption 2. The potentials cross at one point x = 0 below Ey, more precisely,
(1.5) {z e RiVi(z) = Va() < Eo} = {0}, Vi(0) = V2(0) = 0 < Eq,
and the contact order is finite: for m =1,2,..., one has

(1.6) ViP0) -vP0) =0 0<k<m-1), V0 - V"™(0) #0.
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Assumption 2 implies that I'; (Ep) and ['y(Ep) intersect at two points (0, v/Ep) and (0, —/Ej)
and the contact order at these points are both m. In the case where Fy = 0, the crossing
point = 0 is also a turning point of each V;. I';(0) and I'3(0) intersect at one point (0,0)
with contact order 2m. This case was studied in [4], but we avoid it here for the simplicity
of the presentation.

1.2.1. Model A: non-trapping x non-trapping. Let us first consider the case where Ej
is non-trapping for both V; and V5. In addition to Assumptions 1 and 2, we assume condition
24 for V; with turning point ¢; and condition 2_ for V5 with ¢z such that co < ¢1. Then there
exists a directed cycle composed by the classical trajectories of p; and py. Let S(E) be the
volume of the domain bounded by the directed cycle. The following theorem by K. Higuchi
says that a directed cycle may produce resonances near the non-trapping energy for both P;
and Ps.

Theorem 1.1. ([17],[18]) Assume m = 1. For h > 0 small enough, there exist resonances
E near Ey such that

ImFE ~ —

Remark 1.1. In the case where both Vi and Va satisfy condition 24 (or 2_), we can show
that there is no resonance with imaginary part of order hlog %

1.2.2. Model B: non-trapping x periodic. Suppose now that V; satisfies the condition

3 while V5 satisfies the condition 2. P; has eigenvalues near Ejy approximated for small h by

the energies F satisfying the Bohr-Sommerfeld rule (1.3) with the action integral A for the

potential Vi. The following theorem says that the eigenvalues of P; shift in the complex plane

transforming into resonanges for &. The imaginary part of resonances is of polynomial order
m+3 _

of h and the order is 7= =1+ miﬂ This implies that the quantum particle can escape

more easily from the trapped trajectory when the contact order is larger.

Theorem 1.2. ([12] (m = 1), [3]) For each small h and A = A(h) € R near Ey satisfying
the BS rule, there exists a resonance E with |E — \| = O(h?) such that

Im E ~ — D\,
where D(\) is a constant independent of h explicitly computable. For example in the case

m =1, one has
B 27 W (0)? sin? w T
PO = g v Cn 1)

Here S()) is the volume of the domain bounded by the directed cycle as in the previous theorem.

Remark 1.2. When the interaction W wvanishes at the crossing point x = 0, the top term
coefficient D(\) vanishes too. V. Louatron has studied such a case in [27] and computed the
first term of the imaginary part of resonances. He showed that the leading order in h becomes

%ﬂ% when the vanishing order of W at x =0 is k.

1.2.3. Model C: periodic x periodic. Finally we suppose that both V; and Vs satisfy the
condition 3, in addition to Assumptions 1 and 2. This implies that the two turning points
aj,b; of each Vj satisfy for example a1 < az < b1 < be. It is known that the spectrum of &2
near Fjy consists of eigenvalues, and they are approximated by the union of the eigenvalues
of P; and the ones of P,.
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In order to measure the interaction between the two well [a;,b;] and [ag,bs2], we study
the symmetric case Vi(x) = Va(—=z), where the operators P, et P, have exactly the same
eigenvalues. Due to the interaction between the two wells, the so-called eigenvalue splitting
occurs and a couple of eigenvalues E,, E_ corresponding to a same eigenvalue A of P, P, have
a small distance concerning the strength of the interaction. In the well-known case of a scalar
Schrédinger operator with a symmetric double well potential, the interaction is caused by the
tunneling effect through the barrier between the wells, and the splitting is exponentially small
in h. The exponential rate is the Agmon distance between the two wells. In the present case,
the interaction is governed by the change of trajectory at crossing points an the splitting is
of polynomial order in h.

Theorem 1.3. ([2]) Assume m = 1. For each small h and A = A(h) near Ey satisfying the
BS rule for Py = Py, there exist two eigenvalues EY et E= of & with |E* — \| = O(h*/?)
such that

|ET — E7| ~ DARY2,

where the constant is given, with v := V{(0) = —=V;(0), by

DO =\ s ‘ (% +7) ‘ |

1.3. Microlocal method. In the next section, we introduce the space of microlocal solutions
Elz0,60)(Z — E) to the system (¥ — E)u = 0 at each point (29, o) of the phase space Ry x Re:
U € 8 60)(P — E) if (Z — E)u=0 at (w0,$) in the sense of Definition 2.1.

As in the three models, we assume that P; is of real principal type for each j = 1,2, namely,
dp; # 0 if p; = 0. We will see the following facts:

Proposition 1.3. Let I'.(E) =T'1(E) NT'2(E) be the set of crossing points. Then one has

0 if (z0,%0) ¢ T'1(E£) UT2(E),
dim &y 60) (P — E) = 1 if (z0,&0) € (T1(E£) U2 (E)) \ T'e(E),
2 if (w0,80) € Te(E).

Proof. The first two statements are analogous to the scalar case. The first one is due to the
microlocal ellipticity of & — E near (xq,&p), namely det(Z(xo, &) — E) # 0. If (x¢,&p) is on
' (E) \ T'2(E), for example, the problem is reduced to the scalar case for P — E, and it is
well known that the operator is microlocally reduced to the operator hD, (see for example
the text by Zworski [36]), which implies that dim &, ¢,)(£ — E) = 1 in our one dimensional
setting. The space &, ¢,) (& — E) is generated by a Lagrangian distribution associated with
the classical trajectory « which (xg, o) belongs to. We will denote this space by &,(Z — E).

The last statement will be proved using Theorem 2.1 of the next section, at least in the
generic case where the crossing point is not a turning point. In such a case, the crossing point
is microhyperbolic in the direction (sign§p,0) in the sense of Definition 2.5. Let v, C I'1(E)
and 79, C I'2(E) be the two incoming classical trajectories (with the orientation by the time
evolution) to the crossing point (zo,&p), and 714 C I'((E) and y24 C I'y(E) the outgoing
ones. Then Theorem 2.1 implies that if a microlocal solution u at the crossing point (x¢, &)
is microlocally zero both on 7, and on 7, then it is microlocally zero at (xg,&p) (and hence
both on 714 and on 72 4). This implies that dim &, ¢)(¥ — E) < 2.
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On the other hand, one can construct WKB solutions f,,, j = 1,2, such that f,, generates
&y, (2P — E) and that £,, =0 on v, for k # j. This implies that dim &, ¢,)(¥ — E) > 2, and
the third statement of the proposition is proved. O

The previous proposition leads to the definition of what we call microlocal scattering matrix
at each crossing point (g, &) € I'1(E) NTy(F). As we saw in the proof, the microlocal data
on the incoming classical trajectories 7, , and on 7, , determine those of the outgoing classical
trajectories y1 4 and on o 4.

Definition 1.4. There exists an h-dependent 2 x 2 constant matrix 7T such that if u €
60(10750)(<@ — E), and if

u=aq,,f;, on-vy;,,

u=ajpfiy on vy,

then

(1.7) (0‘170 = T<O‘1=b>.
Qo4 Qg
Remark 1.5. The definition of T' depends on the choice of the generators f;, and f;;.

The main goal of this course is the following semiclassical asymptotic formula of the mi-
crolocal scattering matrix (which will be restated as Theorem 4.1), which says that, for a
suitable choice of the WKB solutions f,;, j = 1,2 (such that the phase function vanishes
at the crossing point), it is an identity matrix at the principal level and the second term is

1
off-diagonal of order Am+1. This subprincipal term, which stands for the change of trajec-
tory by the quantum particles, concerns the imaginary part of resonances or the splitting of
eigenvalues.

Theorem 1.4. There exists a constant w (given in Theorem 4.1) such that one has

w

(1.8) T =1d — ihmi <O
w 0

> +O(h#ﬂ) as h — 0.

The union I'1 (E) UT'9(E) can be regarded as finite directed graph G = (V, £) with the set
of vertices V and the set of edges & when the crossing points and classical trajectories are
regarded as vertices and edges respectively.

On a graph G = (V,£), we define a monodromy matric M = M(E, h).
Definition 1.6. M is the matrix the size of which is the number of finite edges *Egn:
M = (me,er)eecegn
The entries are defined by
(Ty)jr  ife = ()T =v,eCTy,e CTYy,
Me e =
0 if e~ #£ ()T,
where (7,);i is the (j, k) entry of the microlocal scattering matrix T, at the vertice v, and
e~, e stand for the starting point and the endpoint respectively of the edge e.

Remark 1.7. The monodromy matriz M is independent of the choice of £}, and f;;.



SEMICLASSICAL ANALYSIS FOR MATRIX-VALUED OPERATORS 7

Let us illustrate the situation in the case of model B.

There are two vertices v. = (0,v/E) and v_ = (0, —VE) and 5 edges e1,es C T'1(E),
es, eq,e5 C I'o(E) such that ef = U4, e; =wv_ and e5 = vq, e; =v_, e;f = vy, €5 = U_.
The edges e4 and es are not finite and there are only three finite edges e, es, es. Then the
monodromy matrix M is of the form

0 (T’uf)ll (Tv7)12

M=|(T,)u 0 0
(Ty,)ar O 0

Proposition 1.8. The eigenvalues or the resonances near Eg are approximated by the set of
E’s satisfying the condition (see [2], [3] for the precise description)

(1.9) det(M(E,h) — I) =0.

In the case of Model B, the condition (1.9) gives

(1.10) 1 —(Ty )11(Toy )11 — (To_)12(Toy )21 = 0.
Regardless of the choice of the WKB solutions on the edges, the off-diagonal entries (7),_)12

1
and (T, )21 are of order hm+i. Hence the first approximation that the condition (1.10)
supplies us is

L —(Ty )1 (To, )11 = O(hmiﬂ).

The diagonal entry (T, )11 is 1 modulo O(hmiﬁe) if the WKB solutions on e; and on e are
chosen with phase base point at vy. If the other diagonal entry (7,_)j; is computed with

these WKB solutions, it becomes expi (A(EF)/h — 7) modulo O(hm%rl“). 7 is the Maslov
correction arising from the turning points (a(E),0) and (b(E),0).

In order to obtain the asymptotics of the imaginary part of resonances, we should take the
smaller term (7),_)12(Ty, )21 into account. But for this purpose, Theorem 4.1 is not sufficient.
We also need the second terms of the diagonal entries which are in the error in this theorem.

There is an alternative way to compute the imaginary part of resonances. Let & be a point
near —oo. It is in the classically allowed region for P. We compute the scalar product in the
space L?([#,+0o0)) of a resonant state w with (& — E)w, which is zero, to have

0= <(c@ - E)W7W>L2([:?:,+oo))

2 2 2 . .
= |hDaWl|72 (5 +00)) = EIWIT2((5 400y — B (W (2), W(2)).
Taking the imaginary part of this identity, we obtain an expression of the imaginary part of
the resonance in terms of the values of the normalized resonant state w and its derivative at

the point 2: If we write w = *(wy, w2), we have
(1.11) 0B (W2 g oy = —h2 () (2)01(2) + wh(@)wa(@)).
Now we look at this identity from the microlocal point of view. Suppose
w=aq;f, onej, j=1,...5

We normalize w such that a; = 1 for example. The fact that w is a resonant state implies
that it is microlocally zero on the incoming trajectory ey, i.e. ay = 0. Then we see from the
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microlocal scattering matrix at the crossing points that w is microlocally supported only on
I'1(E) at the principal level, and it follows that

W17 2((3,00) ~ 2A(E).

On the other hand, the right hand side of (1.11) is governed by the second term wh (&)ws(Z),
because & is outside the x-space projection of I'y (E). Furthermore, w is microlocally zero on
the incoming trajectory ey, and hence the right hand side of (1.11) is written in terms of «s.
Writing wy and w) in the WKB form, we obtain the following formula from which we can
compute the asymptotics of the imaginary part of resonances.

Lemma 1.9. Let E a resonance near Ey. Then one has

_ hlas|?
24/ (E)

mE = + O(hmtoy,

2. BASIC MICROLOCAL STUDY

2.1. Propagation of singularities. Let H(z,§) = (ij(m,ﬁ))jykzl be a N x N matrix-
valued smooth function on the phase space R? x R? satisfying

10907 Hjjo(,6)| < Cayp

for all 1 < 5,k < N. We call symbol such a matrix-valued function in S(1). To each
H(z,£) € S(1), we associated an operator

1 i
HY (2, hD)u := @y // er @ VEH (x;yf) u(y)dyd§

applied to a vector-valued function v = *(uy,...,uyx) € .Z(R",CV). We call this operator
Weyl quantization of the symbol H(z,¢). It is extended to a bounded operator in L2(R", CV).

Definition 2.1. Let (z¢,&y) be a point in R? x R, and u(x,h) =*(uq,...,un) be a vector-
valued function in L?(R™, CV) with [l L2 ey < 1. We say that u is microlocally infinitely
small (or more simply microlocally zero) at (zg,&p) if there exists x(z,£) € S(1) such that
x(xo,&) =1 and
Ix" (z, AD)ul| = O(h).

The complementary set of such points is called semiclassical wave front set and denoted
WF},(u). We say that u is a microlocal solution to the system H"wu = 0 at (wg,&) if
H"4 =0 at (z0,&). We denote Elzo,c0) (H W) the vector space of microlocal solutions to the
system H"u = 0 at (g, &).

z0,£0

Proposition 2.2. For a function u(xz, h) of the WKB form
u(x,h) = e%¢(x)a($),
where ¢ € C=(R™ R) is a real and a(x) € CC(R™,CV), we have

W) = { (2220 € v
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Now we allow that the symbol H depends on h:
H(Sﬂ,f,h) :Ho(ZU,f)—l—hR(l‘,g,h), HOvRGS(]')v
and assume that Hg, the principal symbol, is Hermitian.

Example. The operator & is the Weyl quantization of the symbol

E+Vi(x) hW(x) \ _ (€+Vi(z) 0 (0 W@
AW (z) &2+ Va(z)) 0 &2+ Va(x) W) 0 )°
Remark that the principal symbol is a diagonal matrix.

Let u(x, h) € L2(R™; CN) satisfying ||u|| < 1 be a solution to the system
(2.1) HY (x,hD)u = 0.

We first have the following microlocal property of w.

Proposition 2.3. The semiclassical wave front set is included in the characteristic set:
WFEp(u) C T = {(z,€); det Ho(z,§) = 0}.

Remark 2.4. If we denote A\i(z,€) < Aa(z,§) < -+ < An(z,€) the eigenvalues of the matriz
Hy(z,€), the characteristic set is expressed by

N
I = [ J{(= &); (. €) = 0}.

j=1
In the case HY = & — E, we have I' = T'1(E) UT'y(E), where T';(E) is defined by (1.4).

We now state a propagation of singularity theorem in the case of system. In this case, the
real principal type condition is generalized to the microhyperbolicity condition in the sense
of Tvrii [22].

Definition 2.5. A Hermitian symbol Hy(z,&) is said to be microhyperbolic at a point

(x0,&0) € R™ x R™ in the direction (z*,£*) € (R™ x R™) \ (0,0) if there exists a constant
C > 0 such that for any w € CV we have

1
(2.2) (O@=,exyHo(o, §0)w, w) > 5”“’\2 — C||Ho (w0, &)wl|*.
where Oy« ¢oy 1= % - Oy + £ - O is the directional derivative in the direction (z*,£*).

At any point (xg,&y) satisfying det Ho(xo,&0) # 0, Ho(x,§) is microhyperbolic in any
direction (z*,£*) € R?™\ (0,0). In the scalar case N = 1, Hy(z,£) is microhyperbolic at a
point (zg, &) satisfying Hy(xg,&p) = 0 in some direction if and only if VHy(xq,&y) # 0.

Now let us consider a simple example of operator of the form & whose principal symbol is

&+ ax 0
0 €2 + asx

The characteristic sets I'; = {(z,€) € R%; &% 4a;z = 0}, j = 1,2 are parabolas which intersect
tangentially at the origin: I'y NI’y = {(0,0)}. For each j = 1,2, the scalar symbol £ + a;z is
microhyperbolic at (0,0) in any direction (z*,£*) with a;z* > 0. The matrix-valued symbol
H(x,&) is microhyperbolic in any direction z* > 0 [resp. z* < 0] if both a1, as are positive
[resp. negative], whereas H(x,&) is not microhyperbolic in any direction if ajas < 0.

> ,  a1a9 75 0, a1 < as.
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The following theorem is due to Ivrii [22].

Theorem 2.1. Let u(z,h) € L*(R™;CN) satisfying ||ul| < 1 be a solution to the system
(2.1). Assume that Ho(x,&) is microhyperbolic at a point (x0,&p) € R™ x R™ in the direction
(x*,&*) € (R™ x R™) \ (0,0). If there exists a neighborhood U of (x0,&o) such that

WEy(u) N {(z,§) € Us & - (@ —a0) — 2" - (§ — &) <0} =0,
then (xo,%) ¢ WFp(u).

Remark 2.6. Let g(x,&) :=&* - x — x* - . Then the microhyperbolicity of Hy at (xo,&y) in
the direction Hgy(xo,&0) (Hamilton vector field of g) is expressed by

1
{Ho,gIn} + CHf > c o (0580
and the conclusion of Theorem 2.1 is

(2.3) WEL () N {(z,€) € U; 9(z,8) < g(x0,)} =0 = (x0,&0) ¢ WFp(u).

We see from Remark 2.6 that Theorem 2.1 implies that if there exists a local scalar escape
function, then the semiclassical wave front set propagates in the direction where the escape
function increases.

In particular in our models A, B and C, every point in the phase space is microhyperbolic.
At the crossing point v, = (0,VE), g(z,€) = z is an escape function, and hence & is
microhyperbolic in the direction (0,1), while at v_ = (0, —VE), g(z,£) = —x is an escape
function, i.e. & is microhyperbolic in the direction (0, —1).

Remark 2.7. We finally remark that the terminology microhyperbolic was introduced by
Kawai and Kashiwara for a scalar analytic symbol. They say that an analytic symbol H is
microhyperbolic at (xo,&o) in the direction Hy, if there exist a neighborhood U of (x¢,&) and
a constant 69 > 0 such that for all (z,£) € U and for all 0 < § < &y, one has

(2.4) Ho(z +i60¢g(x0,%0),§ — 16029(w0,&0)) # 0.

This is weaker than the microhyperbolicity in the sense of Definition 2.5. In fact, the symbol x&
in dimension n = 1 is not microhyperbolic in the sense of Definition 2.5 but microhyperbolic
in the sense of (2.4) for any g(x,§) := =& - x + x* - £ with x*&* # 0. The well known
Kawai-Kashiwara theorem [26] states the propagation of analytic wave front set (2.3) under
the microhyperbolicity (2.4).

2.2. Landau-Zener model. We take a simple example called Landau-Zener model:

H(z,£) = <€;x Sj_x>

We will take € = h later, but for the moment it is an independent small parameter. Its Weyl
quantization is written in the form

HW(rc,hD>:<A€‘ A€>=hD+Q, Ay =hD + 1, Q:<_$ 6)
+

If = is regarded as time variable, the equation

(2.5) (hD +Q)u =0
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is an evolution equation for a Hamiltonian ). The parameter h is regarded as adiabatic
parameter, namely it represents the slow time scale.

When € = 0, the eigenvalues —x and x of the matrix @) cross at the origin x = 0. In other
words, the characteristic sets {(z,£);& = z} and {(z,£);{ = —x} cross transversally at the
origin (z,£) = (0,0). The solution to (2.5) is written as

eﬁ“Q 0
e () (1)

Remark that the semiclassical wave front sets of the functions e*2*” are on {(z,8);§ = xz}
respectively (see Proposition 2.2).

When e > 0, the eigenvalues of @) becomes ++/z2 + €2 that avoid crossing with distance
2¢. Thus the two parameters h and € play opposite roles. As h becomes small, the transition

becomes small whereas as € becomes small, the transition becomes large. In fact, Landau

7\'62

showed that the transition probability is given by e™ " .

Let us consider an integral operator

. 2 2
(Tv)(z) = /Reh‘z’(””’y)v(y)dy, o(z,y) = % —V2zy + %

The canonical transformation (y, —¢;(y)) = (z, ¢ (z)) associated with the phase function

¢(z,y) is the rotation with angle —7/4: (y,n) = (2,€) = ((y +n)/V2, (=y +1)/v/2), which
sends {(z,&); & = £z} to {(x,£);§ = 0} and {(x,&);z = 0} respectively.

We immediately see the following formulas.
A Tv=V2T (hDv), A_Tv=—V2T(zv).
Put w = Tw. Then the system (2.5) becomes
(2.6) (-:; h@) v=0.
V2
Solving this reduced system, which means

WD+ =0, w= S
X 9 V2 = U, U1_2xv27

we obtain the following distribution solutions

s (2 1) = &Y(:I:m)h:]—‘i;}—l |
Y (£x)|z|"'2m
where Y'(t) is the Heaviside function.
Let us study the asymptotic behavior of the solution u; = Tvy to the equation (2.5):
e
o= ()
where I,,(z, h) is the function defined by the following integral.

Iu(a:,h):/ e%‘ﬁ(x’y)y“*ldy.
0
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This integral is well-defined for p € C\ {0, —1,—2,...}. It is important to remark here that
if 0 < € = o(h2) as h — +0, then 0 # p = o(1) and I, is well-defined.

Modulo O(h*°), there are two contributions to the asymptotic behavior of the integral I,,.
One is the endpoint = 0 of the integral range, and the other is the critical point of the
phase function ¢(x,y).

First we compute the contribution from the endpoint. Since y is close to zero, we take the
first two terms of the phase function to get

. oo .
IB(:c,h) = e2zhm2/ e%ﬁxyy“_ldy.
0
With the change of variable %ﬂaﬁy = —t, we have for z # 0,

i o ih \" ih \* 4 2
2.7 19z h) = %12/ —tyu-1g (l > _r ( ) io
(2.7) u(z.h)=e c ANr () ) €

Second, we compute the contribution from the critical point. Since gb; = —\2zx + 9, the

critical point y = v/2z exists in the integration range (0, 00) only for z > 0. Fix = > 0, and
take a cutoff function x(y) € C§°(Ry) which is identically 1 near y = x and identically 0
neear y = 0. We consider

I5(x, 1) = /O eFOEN Ly (),

Since ’y’y = 1, the stationary phase method leads to the asymptotic formula

(2.8) Ii(z,h) ~ ei%v27rh(\/§x)“*1e*#x2.
Summing up, we have seen that the solution u4 to the Landau-Zener system (2.5) has the
asymptotic formula (2.7) for x < 0, while it is the sum of the two terms (2.7) and (2.8).

From the microlocal point of view, the above fact is interpreted as follows. Both (2.7) and
x x

(2.8) are of WKB form with phase functions 72 and —72 respectively. Proposition 2.2 tells
that their semiclassical wave front set is on the Lagrangian submanifold {(z,¢{);¢ = =} and
{(z,£); € = —x} respectively. Thus we obtain

WFh(u-‘r) = {(:E,f),f = m} U {('7:75)75 =—-T,T> 0}
3. WKB SOLUTIONS

3.1. Formal construction. We formally construct a WKB solution u = *(uy,us) to the
System

(3.1) Pu=Fu, u= (“1) :

uz
in the WKB form

(3.2) u(z,h) = ?@/a(z, h), a(z,h) = (Z;Ei Z;) ~ o n (Z;:gD '

Since L
e 1@ (P — B)(en®@aj) = (¢')2 +V; — E) aj + ~Laj - h*d]
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where L is the first order linear differential operator

= 2<b MR
the equation (3.1) with (3.2) requires the coefficients aj, to satisfy
()2 +WVi—E 0 —iL W d? _
(33) < 0 (¢/)2+V’2_E ag + W —iL a_ 1+d k-2 = 0,
for all kK = 0,1,2,..., with the convention that a; = 0 for negative k. In particular, when
k =0, one has
(¢)+Vi—E 0 B
(3.4) < 0 (@) +Va— E ag = 0.

In order to obtain a non-trivial sequence of coefficients, we should require either (¢')? + Vi —
E=0or (¢)2+ Vo — E=0. Let ¢ satisfy the first one

(3.5) (@) + Vi(z) - E=0.

This is the eikonal equation for the WKB solution to the single equation (P — E)u; = 0. It
determines the phase function ¢; up to an additive constant. If z is in the classically allowed
region {z; Vi(z) < E}, then the solution of (3.5) is written ¢(z) = £¢1(x) where

(3.6) b, (2, 70) — /I,/E—vj(t)dt, i=1,2

Here zq is an arbitrary point in the classically allowed region. We will usually take as this
point a turning point.

With this ¢ = ¢1, the second condition in (3.4) becomes
0 0
<0 V2 B Vi ) apg = 0.
and hence we have

(3.7) azo(x) =0,
unless Vi (x) — Va(x) vanishes identically.

The recurrence equation (3.3) becomes
(3.8) Liay -1 = ia j_y — iWaz 1,
(3.9) (Va(z) = Vi(x)) ag = iL1ag g1 + af o — Way k-1,
where L_2¢} 4 + ¢/

The transport equation (3.8) with k =1 gives

Laio =0,

which is the first transport equation for the single equation (P; — E)u; = 0, and the solution
is given up to a multiplicative constant by

1
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Next, the transport equation (3.9) with k£ = 1 yields, with (3.7),

_ W(x)
az,l(iﬁ) = 1
(Vi(z) — Va(z))(E — Vi(z))s

The second coefficient a; 1 of the first entry satisfies

/i .
L1a171 = zal’o — ZWag,l,

"
( i > , W (z)?
= —1 .
(B-Vi(@)i)  (Vile) = Va(@))(E ~ Vi(a))s
This is a first order linear differential equation and is uniquely solved in any interval in the

classically allowed region for p; free from turning point and crossing point when an initial
condition a; 1(z1) = 0 is imposed at some point x; in this interval.

In the same way, we inductively determine a; ; by (3.8), and ag ) by (3.9) one after the
other. Thus we obtain formal a power series solutions of the form

(2, h) = eEhO1) th <a1,k($))

P az,k(l")

ei%%(?ﬂ) 1 *
(E—Vi(x))1 Vi(z)—Va(z)

where we omit the computation of x = (F — Vl(x))%am.

(3.10)

Similarly, starting from the eikonal equation
(3.11) (¢5)? + Va(x) — E =0,

we get other formal solutions

+4¢a(z) W(z)
(3.12) wi(eh)=—— (?) Thlmeovi@ | 4. ).
(B — Va(z))x *

As in the usual single Schrédinger equation case, these expressions of solutions have singu-
larities at the turning points, i.e. the zeros of £ — Vj(x). In our matrix case, moreover, they
have additional singularities at the zeros of Vi(x) — Va(x), that we will call crossing points.

These apparent singularities are due to the divergence of the infinite series. To give a sense
to these divergent series, we take a Borel sum. Namely, we construct functions u;t(x, h) which
have the infinite series as their asymptotic expansions as h — 0. We denote them again by
the same notations uj[ (z,h). They are no longer solutions to our system (3.1), but are only

quasi-modes, i.e. they satisfy
(3.13) (2 — E)yu; = O(h™),

uniformly in an interval contained in the classically allowed region away from turning points
and crossing points. We see in the next section that they can be regarded as microlocal
solutions when restricted to the characteristic set in the phase space.

We finally recall, before ending this section, that our construction of WKB solutions of the
form (3.10) and (3.12) depends on the choice of the base point zg of the phase function and
the base point x1 of the symbol function. In the following we specify the choice of xg but
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we do not specify x1. The change of x; results in an error of order h since this choice first
appears for a;,; as we saw above.

3.2. Microlocal WKB solutions. Now let us observe the frequency set of the WKB solu-
tions u]j-[, j = 1,2 that we constructed in the previous section. Let I';(E) be the set of turning
points and I'.(E) the set of microlocal crossing points:

Ly(E) =T14(E) Ul (E), Tj(E):={(x,0);V;(z) = E},

Po(B) = T1(B) NT2(E) = {(2,€); Vi(x) = Va(a) < B, ¢ = +y/E—Vi(a)}.

To each function qu, there corresponds a connected component «y of the set I'(E) \ (I't(E) U
['.(F)) in the phase space. This component is chosen in such a way that it belongs to
I‘f(E) =T(E) N {(z,§);£& > 0} and uf is defined in its x-projection m(y). According to
this correspondence, we write

£, :=u’

v = W
and call it microlocal WKB solution on ~y. Recall that the WKB solution u;E depends on the
choice of the base point o € 7(y) for the phase function ¢;(x,z¢) (see (3.6)), and the base
point 1 of the symbol. When necessary, we will also denote f, = £, , specifying the point «
on 7 such that 7(a) = x¢. The change of the choice of 1 makes a change of O(h).

The microlocal WKB solution f, satisfies

(3.14) (Z —-E),=0(h”) inn(y)
as we saw in the previous section. Moreover, we see from Proposition 2.3 that
(3.15) WE(£,) N (m(7)  Re) = 7.

In fact, the set v is a Lagrangian manifolds defined by £ = igb;- () = £/E — Vj(z) for x in
the classically allowed region for p;.

On the contrary, to each connected component v of the set I'(E) \ (T'+(E) UT.(E)), a
microlocal WKB solution f, is associated. Moreover, the vector space of microlocal solutions
on each v is one-dimensional. In fact, if v C I'1(FE), say, the operator P; — E is reduced to
the normal form hD, while P, — F is elliptic there. Therefore it is generated by f,.

Summing up, we have the following proposition.

Proposition 3.1. Let u € L?(R;C?), |lul|;2 < 1 be a solution to the system (3.1). Then for
each connected component v of the set I'(E) \ T'y(E) NT(E), there exists a complex number
oy such that

u=ayf, onnr.

Remark 3.2. The number o is determined up to O(h*>°) when the base points of the phase
and the symbol are specified, but up to O(h) when only the base point of the phase is specified.

4. MICROLOCAL SCATTERING MATRIX AT A CROSSING POINT

If we know a for all the connected component v of I'(E) \ I'\(E) NI'.(E), we have all
the microlocal information of u in the phase space since u is microlocally infinitely small
outside the characteristic set I'(E') as stated in Proposition 2.3. This permits us to know the
global behavior of u modulo @(h*°), which leads to the asymptotic study of eigenvalues or
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resonances. In fact, it holds that if a solution u € L?(R;C2), ||ul|;2 < 1 to the system (3.1)
is microlocally infinitely small everywhere in I x R¢ for an interval I C Ry, then |[ul|p2p) =
O(h™). Namely, the microlocal behavior in I x R determines the local behavior in I modulo
O(h>).

Thus the global study of solutions to the system (3.1) is reduced to the connection of the
coefficients c, at each turning point and crossing point. The connection problem at a turning
point is well known at least for the scalar case in general dimension as Maslov’s theory. In the
system case also, similar formulas hold as long as the turning point is not a crossing point.

4.1. Connection at a turning point. Let (z*,0) € I'; \ .. Suppose for example it is a
turning point of p;: (z*,0) € I'1;. We assume it is a simple turning point, i.e.

V() # 0.

Then, there are exactly two connected components of I'(E) \ (I't(E) UT'¢(E)) which have the
turning point (z*,0) as an extremity. Let ” be the one which has (z*,0) as endpoint of the
Hamiltonian flow Hj,, on it and ~% the other one. In other words, A” is the incoming classical
trajectory to (z*,0) and ~* is the outgoing classical trajectory from (z*,0).

Let f, and f; be microlocal solutions defined on 7, and ~; respectively, with phase functions
¢1(z, ") based on the turning point x* (see (3.6)), and let ay = o, and o, = v, for short
where a,, and a, are defined by Proposition 3.1. Under this setting, the following asymptotic
connection formula holds. For the proof, we refer for example to [12].

Proposition 4.1. Let u € L*(R;C?), ||ul|z2 < 1 be a solution to the system (3.1). If

u=qf, on-y,

u=aopfy  ony,
then it holds modulo O(h) that

ap = —iQy.

4.2. Connection at a crossing point. Now we study the connection at a crossing point.
Let p := (20,&%) € Ry x R¢ be a microlocal crossing point p € I'c(A) = I'1(A) NT2(X\). We
assume without loss of generality that zg = 0 and

(4.1) V1(0) = Va(0) = 0.

We moreover assume that Vi (x) and Va(x) intersect at = = 0 at a finite order, i.e. there exists
n € N such that

42y vPO-vPo=0 0<k<m-1, V"0 -1"0) £0.

We suppose Ey > 0. Then for E close to Ep, one has & = ++v/F and there are two crossing
points py := (0,v/E) and p_ := (0, —vE) symmetric with respect to the z-axis. The contact
order at these points are both m. They are not turning points.

As in the previous case of a turning point, we denote -, ,,7;4 for each j = 1,2 the incoming
and the outgoing classical trajectories on I'j(E) having p as their extremity. We write also
aj,, ajy the coefficients Oy 5 Qi defined in Proposition 3.1.
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Proposition 4.2. Let f;),, f;; be the microlocal solutions to (3.1) defined on 7y;y,;4 for each
j = 1,2 with the phase base point at the microlocal crossing point p. Then there exists an
h-dependent constant 2 x 2 matriz T such that if u € L*(R;C?), ||ul|z2 < 1 is a solution to
the system (3.1), and if o, ajy are defined for each j =1,2 by

u=ajpfy, on oy,

u=oef;s on vy,

then it holds modulo O(h) that

(4.3) (0‘170 = T<O‘W>.

Qg Q2
Proof. The vector space of microlocal solutions at the crossing point p is of dimension two
and generated by the pair (f;;,f;,). In fact they are linearly independent and Theorem 2.1

implies that if u =0 on 7;}, U~s), then u =0 on 713 U~ since the principal symbol of &
is microhyperbolic at p in the direction (0, 1), and at p_ in the direction (0, —1). O

Remark 4.3. Here we do not specify the symbol base point, and hence the microlocal WKB
solutions are defined up to O(h) only. That is why the microlocal scattering matriz is deter-
mined up to O(h).

We call the matrix T = (t;i);r=1,2 microlocal scattering matriz, since it describes the
outgoing waves in terms of the incoming ones. The diagonal entries ¢;; stands for the trans-
mission of particles along I'j(£) while the anti-diagonal entries ¢;;, stands for the ‘change of
trajectories’ from I'y(E) to I'j(E) at the crossing point.

We are interested in the asymptotic behavior of the microlocal scattering matrix in the
semiclassical limit h — 0. For the sake of the application to the resonance asymptotics,
we fix a real energy Fy and consider the microlocal scattering matrix for E’s in a complex
neighborhood of Ey: Rg,(d1,92) := {E € C;|ReE — Ey| < 01, |[ImE| < d2}.

Let us begin with the generic case where the crossing point in question is not a turning

point. The following theorem is due to [3].

Theorem 4.1.

0 w

(4.4) T =1d — ihwtt (w 0> + ORI ash— 0,

where the constant w € C is given by

_1

2(m +1)! L emes 42
(4.5) W= fim = ( 2m> Ao 2T <1> W(0),
V7 (0) = Vo (0)] m+

T o (V™ (0) — ™ -
» exp <2(m .y sgn (V2 (0)—-V; (0))) when m is odd,

Hm =
cos T hen m is even
2(m + 1) v '
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4.3. Local exact solutions and microlocal scattering matrix. Let p = p, = (0,/E))
with Ey > 0 be a microlocal crossing point in the phase space. In order to compute the
microlocal scattering matrix 7" at p, we construct local exact solutions to the system (3.1) in
a small neighborhood I of x = 0.

It is well known that there exist exact solutions u;t to the scalar Schrodinger equations
(Pj — E)u = 0 for each j = 1,2 and FE close to Ey > 0 with the semiclassical asymptotic

behavior in I:
1 i [
uji ~ (E—Vj(z)) 1exp <:|:h/0 E - Vj(t)dt> .

We can assume without loss of generality that the Wronskian of u;L and uy s equal to

_ _ _ 21
W(u;‘,uj ) = u;'(uj ) — u; (uf) = %

<

We suppose here that the smooth function W (z) has a compact support in I. Let Kj
and K r be the operators acting on functions f in C°°(R) defined by

(4.7) Kot =g [ () @ )= @ () W),
(18) Kinf =3 [ (wf @5 ) =y @) ) WS ()

They satisfy
(P — E)Kjf =—-hWf, (Pj—E)Kjrf=—hW].

Using these operators, we construct exact solutions to the system (3.1) by a successive ap-
proximation. The following lemma can be proved using the same argument as the proof of
the next Lemma 4.5.

Lemma 4.4. For S = L, R, we have

1 1
(4.9) 1K1sK2.5l go(ry = Ohm#1), (| K2,s K1 sll 5oy = Oh™+1).

This lemma implies that the infinite sums

o0 o
Jis = (Ki1sK29)F, Jogi=> (KysKig)"
k=0 k=0

converge for sufficiently small % in the space B(C(I)) of bounded operators on C(I).
For S = L, R, we set

Ji sui > < Jy quf )
4.10 wi = w1 — w1 ,
( ) bo (—’{2,5“]1,5“?E J2,SK2,suljE
Ky sJ2 Sui> <J1 K, Sui>
4.11 wi, = ’ 22 ) = ’ =2
. 25 ( Jo, 5ty Jo 55

These 8 functions w; ¢ for j = 1,2, S = R,L and € = +, — are all exact solutions to the
system (3.1) in the interval I.
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Let vjib be the incoming trajectories to the crossing point pi and fyjiﬂ the outgoing ones
from p4 along I'j(Ag) in I x Re:

7 = T500) 1 {(2:6) € I x Riw < 0,6 > 0}, 7 = T5(0) N {(,€) € I x Ry > 0,€ > 0},
7;|7 :F]()\())ﬂ{(l',f) el xRz >07£<0}7 ’7]_,jj :FJ()‘O)H{(xaé.) eElIxRz< 07€<0}7

and let fjﬁ and fﬁcﬁ be the microlocal WKB solutions on fyfb and ’y;fﬁ respectively with phase
base point at p+.

We easily see the asymptotic behavior of W;{:L on the left of the origin I N {z < 0} and
that of w;-tR on the right of the origin I N {z > 0}, and we deduce their microlocal behavior

)

modulo O(h) on each trajectory as follows.

Lemma 4.5. The exact solutions Wj.ts, j=1,2, S =L, R microlocally behave like

+ + + +
) e o . By on e
on ,y]’ﬁ rijb fijﬁ’

— + —
0 on;, U Vi U Vi

£i4 on s - £ 0n
WiR

(4.13) W

0 on ’7j+,b U 7377:1 U 'y;:b, 0 on *y;.fﬁ U 'y;’b U~

57ﬁ7

modulo O(h) as h — 0.
Proof. We only prove for wf - Recall that

+
wh = Ji,puy N
b
L,L Jo. 1 Ko ruj

and

Ko puf (z) = % / ' (ug (x)ug (y) — ug (x)ugz () W(y)ut (y)dy

= %ui(x) / uy (y)ui (Y)W (y)dy — %u; (z) / ' ug (y)ui (y)W (y)dy.

—0o0

The last two integrals are oscillatory integrals with integrand

u ()t ()W ) = o (5[5

N

- <E—v2<t>>%dt) ,

(B~ Vi(y))(E — Va(y))
uy (y)uf = W) ex . 3 - 3
F W) = e (5 [ o)t s 2 v

The first integrand has a critical point at the crossing point y = 0 but it is outside the
integration range when x < 0, and the second one has no critical point. Therefore, we see by
an integration by parts that the integrals are both O(h). The only term which is not of order
h is then u in the first entry.

On the other hand, the microlocal solution f , also behaves like t(uf,0) modulo O(h).
This ends the proof. ([l
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The 4 solutions (WiL,W;L,WiL,WiL) as well as the 4 solutions(wfR,wIR,wiR,wiR)
make a basis of exact solutions to the system (& — E)u = 0 in I. Therefore there exists a
constant 4 x 4 matrix A such that

+ wt w—. w—.)— (wt + - —
(4.14) (WI,L’WQ,L’WLL’WQ,L) = (Wl,R7W2,R7W1,R’W2,R>A'
According to the previous lemma, we find the following lemma:

Lemma 4.6. The microlocal scattering matriz T at the crossing point p+ = (0,+/Ep) is equal
modulo O(h) to the 2 x 2 block matriz A1 of

A Axg
A=
<A21 A22>
defined by (4.14).

We are now going to compute A at the principal level modulo O(hmiﬂ) in the semiclassical
limit. We rewrite the definition (4.14) of A in the form

+ + - - + + - -
(4.15) ( WJlr,L WJZF,L Wir Wor ) _ ( WJlr,R WJQF,R Wi R Wo.R >A
(W1,L)/ (WZ,L), (WI,L), (Wz,L)/ (Wl,R)/ (W2,R)/ (Wl,R)/ (W2,R), ’

and look at this identity at x = 0. Here ’ stands for the derivative with respect to x. Notice
that the both sides are 4 x 4 matrices. The first column vector on the left hand side is

H(uf (0), (K2,Lu1)(0), (u))'(0), (K2,Luy)'(0)).
The term ( Ko u)(0) is expressed in a linear combination of u3 (0) and u; (0).
1

(Ko )O) =5 [ (uf ) () = vz (2)ud ) W )] ()l

i 0
=2 [ 0 )~ g O ) W )y

2 —00
= cipuz (0) + ez (0),
with o -
1 _ _ 7
=y [ weu@Wed. =5 [ d @ oW

—00 —0o0

Similarly, (K2 rui)(0) is written in linear combination of (u3)’(0) and (uy )'(0):
(Ka,pul)'(0) = ey (uz ) (0) + e (uz)'(0):
We define a matrix B by

ui (0) 0 uy (0) 0
p_| 0 u(0) 0 uy(0)
@) 0 (u)(0) 0
0 (u)(0) 0 (u3)(0)

Then we have
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where C'g, S = L, R are 4 X 4 matrices of the form

+ +
(J)r €25 2 €45

Cs = | “1s 0 g O
0 g 0 oy

. + .
The entries ¢, are given by

+—i0‘+Wd ‘—i0++Wd

Cor, = 5 /_OO uy (y)us (Y)W (y)dy, Cor, = 3 /_OO uy (y)us (v)W (y)dy,
i [0 i [0

G-y [ m@u@Vl =5 [ uwu W
i [0 i [0

=5 /_OO uy (y)ug (Y)W (y)dy, Cyp, = —2/_00 uf (y)uy (y)W (y)dy,

and c;-tR are given similarly with the lower endpoint of the integral replaced by +o0.

1
Remark here that Cp,Cg are of O(hm+1). In fact, as in the proof of Lemma 4.5, the
entries cfs are oscillatory integrals possibly with a critical point at the origin. The order
of this critical point is the contact order n = m of the two potentials, and hence by the

1
degenerate stationary phase method, we see that it is of order hm+1.

Then we obtain, for h small enough,
A=(I+Cp) Y I+Cy)
= [ +Cp — Cg + O(hnt)

+ +
0 ¢ 0 ¢

_ I+ Cg Cz cg c(i +O(hE),
¢, 0 ¢ O
where
ot =5 | ul G Wi, == [ W,
o =5 [ u oW, & == [l W o,
o =5 | u W, i = [ ui W,
o= | w W, v == [ ot )Wy

The semiclassical asymptotics of these entries are obtained by the stationary phase method
again as in the proof of of Lemma 4.5. The off-diagonal entries ¢, ¢5 of the block Aj1, which
is the microlocal scattering matrix 7" at the microlocal crossing point p; = (0, ﬁ), and c3,
c, of the block Ajs have a degenerate stationary point at the origin, whereas those in the
blocks Aj9, A9 have no critical point.
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More precisely, we have the following asymptotic formula, which gives Theorem 4.1:
1 2 1 2
(4.16) cf = —iwhm1 + O(hmi1), cf = —iwhmil + O(hm+1),

where w is given by (4.5).
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